Abstract. In this paper, the viscous dissipation effects on magnetohydrodynamic natural convection flow over a sphere in the presence of heat generation have been described. The governing boundary layer equations are first transformed into a nondimensional form and the resulting nonlinear system of partial differential equations are then solved numerically using finite-difference method together with Keller-box scheme. The numerical results of the surface shear stress in terms of skin friction coefficient and the rate of heat transfer in terms of local Nusselt number, velocity as well as temperature profiles are shown graphically and tabular form for a selection of parameters set consisting of heat generation parameter Q, magnetic parameter M , viscous dissipation parameter N and the Prandlt number P r.
Nomenclature
a radius of the sphere P fluid pressure C p specific heat at constant pressure Q heat generation parameter C f X local skin friction coefficient q w surface heat flux f dimensionless stream function T temperature of the fluid g acceleration due to gravity T w temperature at the surface Gr local Grashof number T ∞ temperature of the ambient fluid M magnetic parameter U velocity component in the X-direction N viscous dissipation parameter V velocity component in the Y -direction Nu X local Nusselt number coefficient X measured from the leading edge P r Prandtl number Y distance normal to the surface Greek symbols β coefficient of thermal expansion ξ the dimensionless coordinate β 0 magnetic field strength η the pseudo-similarity variable ν kinematic viscosity ψ stream functions µ viscosity of the fluid σ 0 the electrical conduction θ dimensionless temperature κ thermal conductivity of the fluid ρ density of the fluid Subscripts w wall conditions ∞ ambient temperature
Introduction
The study of the flow of electrically conducting fluid in the presence of magnetic field is important from the technical point of view and such types of problems have received much attention by many researchers. The specific problem selected for study is the flow and heat transfer in an electrically conducting fluid adjacent to the surface. The surface is maintained at a uniform temperature T w , which may either exceed the ambient temperature T ∞ or may be less then T ∞ . When T w > T ∞ , an upward flow is established along the surface due to free convection, where as for T w < T ∞ , there is a down flow. The interaction of the magnetic field and the moving electric charge carried by the flowing fluid induces a force, which tends to oppose the fluid motion. The velocity is very small so that the magnetic force, which is proportional to the magnitude of the longitudinal velocity and acts in the opposite direction is also very small. Additionally, a magnetic field of strength β 0 acts normal to the surface. Consequently, the influence of the magnetic field on the boundary layer is exerted only through induced forces within the boundary layer itself, with no additional effects arising from the free stream pressure gradient. The stress work effects in laminar flat plate natural convection flow have been studied by Ackroyd [1] . However, the influence and importance of viscous stress work effects in laminar flows have been examined by Gebhart [2] and Gebhart and Mollendorf [3] . In both of the investigations, special flows over semi-infinite flat surfaces parallel to the direction of body force were considered. Gebhart [2] considered flows generated by the plate surface temperatures, which vary as powers of ξ (the distance along the plate surface from the leading edge). Gebhart and Mollendorf [3] considered flows generated by plate surface temperatures, which vary exponentially in ξ. The effect of laminar free convection from a sphere with blowing and suction has been investigated by Huang and Chen [4] . The problem of magneto hydrodynamic free convection in a strong cross-field was studied by Kuiken [5] . Also the effect of magnetic field on the free convection heat transfer has been studied by Sparrow and Cess [6] . MHD free convection flow of visco-elastic fluid past an infinite porous plate was investigated by Chowdhury and Islam [7] . The problem of magnetohydrodynamic free convection flow and mass transfer through a porous medium bounded by an infinite vertical porous plate with constant heat flux have been investigated by Raptis and Kafousias [8] . Also the effect of free convection flow with variable viscosity and thermal diffusivity along a vertical plate in the presence of magnetic field has been discussed by Elbashbeshy [9] . Hossain [10] introduced the viscous and Joule heating effects on MHD-free convection flow with variable plate temperature. The heat transfer characteristics in the laminar boundary layer of a viscous fluid over a stretching sheet with viscous dissipation or frictional heating and internal heat generation have been investigated by Vajravelu and Hadjinolauo [11] . In this study they considered that the volumetric rate of heat generation,
for T ≥ T ∞ and equal to zero for T < T ∞ , (Q 0 is the heat generation/absorption constant). The above relation is valid as an approximation of the state of some exothermic process and having T ∞ when they used q m = Q 0 (T − T ∞ ). The conjugate effects of conduction and natural convection heat transfer along a thin vertical plate with non-uniform internal heat generation has been studied by Mendez et al. [12] . Also the problem of natural convection flow along a vertical wavy surface with uniform surface temperature in presence of heat generation or absorption was considered by Molla et al. [13] . Magnetohydrodynamic natural convection flows on a sphere in presence of heat generation has been investigated by Molla et al. [14] . The problems of free convection boundary layer flow over or on bodies of various shapes, where discussed by many mathematicians, versed engineers and researchers. The free convection boundary layer flow on an isothermal sphere and on an isothermal horizontal circular cylinder in a micropolar fluid were considered by Nazar et al. [15] . The effect of pressure stress work and viscous dissipation in some natural convection flows have been shown by Joshi and Gebhart [16] . To the best of our knowledge, viscous dissipation effects on magnetohydrodynamics free convection flow from an isothermal sphere in presence of heat generation has not yet been studied and the present work demonstrate the issue.
Natural convection boundary layer flow over a sphere of a viscous incompressible electrically conducting fluid in the presence of magnetic field and heat generation with the effects of viscous dissipation has been investigated. The governing boundary layer equations are reduced to locally non-similar partial differential forms by adopting appropriate transformations. The transformed boundary layer equations are then solved numerically using implicit finite difference method together with the Keller box scheme. Here we have focused our attention on the evaluation of the surface shear stress in terms of skin friction coefficient, the rate of heat transfer in terms of local Nusselt number, velocity as well as temperature profiles for a selection of parameters set consisting of heat generation parameter Q, viscous dissipation parameter N , the magnetic parameter M and the Prandtl number P r. Numerical results have been shown graphically as well as in tabular form.
Formulation of the problems
Natural convection boundary layer flow over a sphere of an electrically conducting and steady two-dimensional viscous incompressible fluid in the presence of strong magnetic field and heat generation is considered. It is assumed that the surface temperature of the sphere is T w . Where T w > T ∞ , here T ∞ being the ambient temperature of the fluid.
Under the usual Boussinesq and boundary layer approximation, the basic equations are
The boundary conditions for the equations (2) to (3) are
where
r = r(X), r is the radial distance from the symmetrical axis to the surface of the sphere, g is the acceleration due to gravity, β is the coefficient of thermal expansion, ν is the kinematics viscosity, T is the local temperature, C p is the specific heat at constant pressure. The amount of heat generated or absorbed per unit volume is Q 0 (T − T ∞ ), Q 0 being a constant, which may take either positive or negative. The source term represents the heat generation when Q 0 > 0 and the heat absorption when Q 0 < 0, ρ is the density, σ 0 is the electrical conduction and P r is the Prandtl number. To transform the above equations into non-dimensional, the following dimensionless variables are introduced:
where Gr = gβ(T w − T ∞ )a 3 /ν 2 is the Grashof number and θ is the non-dimensional temperature, then equation (5) becomes r = a sin ξ.
Using the above values, the equations (1) to (3) take the following form:
where, M = σ 0 β 2 a 2 /ρνGr 1/2 is the magnetic parameter and
is the heat generation parameter,
, is the viscous dissipation parameter. The boundary conditions (4) take the form
To solve equations (9) and (10) subject to the boundary conditions (11), we assume the following variables u and v is given by
Using the above transformed values in equations (9) and (10) and simplifying, we have the following:
The corresponding boundary conditions are
For the lower stagnation point of the sphere i.e. ξ ≈ 0, equation (14) and (15) reduce to the following ordinary differential equations:
with the boundary conditions
In practical application, the physical quantities of principal interest are skin-friction coefficient and the rate of heat transfer which can be written in non-dimensional form as
, κ being the thermal conductivity of the fluid. Using the new variables (6), we have
Method of solution
Solutions of the local non-similar partial differential equations (14) to (15) subjected to the boundary conditions (16) are obtained by using the implicit finite difference method, which has been described in details by Cebeci and Bradshaw [17] and used by Hossain et al. [18] .
Results and discussion
The effects of viscous dissipation on magnetohydrodynamic natural convection flow over a sphere in the presence of heat generation have been investigated. The results are obtained in terms of the local skin-friction and the local rate of heat transfer, for different values of the aforementioned physical parameters and these are shown in tabular form in Table 1 , Table 2 Fig. 2(a) , it is observed that velocity increases as the values of viscous dissipation parameter N increase. Near the surface of the sphere velocity increases significantly along η and becomes maximum and then decreases slowly and finally approaches to zero, the asymptotic value. The maximum values of the velocity are 0.48550, 0.51328, 0.53567, 0.55394 and 0.56863 for N = 0.10, 0.30, 0.50, 0.70 and 1.00 respectively which occur at η = 1.23788 for first, second and third maximum values, at η = 1.30254 for fourth and fifth maximum values. Here it is observed that the velocity increase by 17.12255 % as N increases from 0.10 to 1.00. From Fig. 2(b) , it is seen that when the values of viscous dissipation parameter N increase, the temperature also increases. Figs. 3(a) and 3(b) display results for the velocity and temperature profiles, based on equations (14) and (15) for M = 0.10, 0.30, 0.50, 0.70 and 1.00, respectively which occur at η = 1.30254 for 1st, 2nd, 3rd and 4th maximum values, at η = 1.23788 for 5th maximum value. It is found that the velocity decreases by 26.67 % as the magnetic parameter M increases from 0.1 to 1.0.
From Fig. 4(a) , velocity distribution increases as the values of heat generation parameter Q increase. The maximum values of the velocity are 0.47757, 0.52865 and 0.55807 for Q = 0.20, 0.50 and 0.60 respectively which occur at η = 1.17520 for first maximum value, at η = 1.123788 for second and third maximum values. Here it is observed that the velocity increase by 16.85616 % as Q increases from 0.10 to 0.60. From Fig.4(b) , it is seen that when the values of heat generation parameter Q increase, the temperature distributions also increase. Figs. 5(a) and 5(b) indicate the effects of the Prandtl number P r with M = 1.00, Q = 0.50 and N = 0.40 on the velocity profiles and the temperature profiles. From  Fig. 5(a) it is observed that the increasing values of Prandtl number P r leads to the decrease in the velocity profiles. The maximum values of the velocity are 0.49156, 0.46167, 0.43584 and 0.39056 for P r = 0.50, 0.72, 1.00 and 1.74 respectively which occur at η = 1.36929 for first maximum value and η = 1.30254 for second, third maximum values and η = 1.17520 for last maximum value. Here it is depicted that the velocity decreases by 20.547 % as P r increases from 0.50 to 1.74. Again from Fig. 5(b) it is observed that the temperature profiles decreases with the increasing values of Prandtl number P r. It can easily be seen that the effect of the magnetic parameter M leads to a decrease in the local skin friction coefficient C f X and the local Nusselt number Nu X in Fig. 6 (a) and 6(b). This phenomenon can easily be understood from the fact that the magnetic parameter M increases the Lorentz force, which opposes the flow, therefore decreases the velocity gradient and hence the local skin friction coefficient C f X decreases. Owing to increasing values of M in the presence of heat generation, the fluid temperature with in the boundary layer increases and the associate thermal boundary layer becomes thicker. For increasing fluid temperature, the temperature difference between fluid and surface decreases and the corresponding rate of heat transfer decreases. Also it is observed that x = 0.50615, the skin friction coefficient C f X and the local Nusselt number Nu X decrease by 14.2335 % and 9.1810 %, respectively, as M increases from 0.40 to 1.00.
The variation of the reduced local skin friction coefficient and the local rate of heat transfer for different values of the heat generation parameter Q (Q = 0.20, 0.40, 0.60) are illustrated in Figs. 7(a) and 7(b) while M = 1.00, N = 0.60 and Prandtl number P r = 0.72. From the figures it can be seen that the increase of the heat generation parameter Q leads to an increase in the local skin-friction coefficient C f X and a decrease in the local Nusselt number Nu X . These are expected, since the heat generation mechanism creates a layer of hot fluid near the surface, and finally the resultant temperature of the fluid exceeds the surface temperature. For this reason the rate of heat transfer from the surface decreases. Owing to the enhanced temperature, the viscosity of the fluid increases and the corresponding local skin-friction coefficient increases. Moreover, it is seen that at ξ = 0.50615 the skin friction coefficient C f X increases by 14.2927 % and the local Nusselt number Nu X decreases by 53.2775 % respectively, as Q increases from 0.20 to 0.60. In Table 1 are given the tabular values of the local skin friction coefficient C f X and local Nusselt number Nu X for different values of viscous dissipation parameter N while P r = 0.72, M = 1.00 and Q = 0.50. Here we found that the values of local skin friction coefficient C f X increase at different position of ξ for viscous dissipation parameter N = 0.10, 0.50, 0.70, 1.00. The the local skin friction coefficient C f X is increase by 8.5699 % as the viscous dissipation parameter N changes from 0.10 to 1.00 and ξ = 1.04720 = π/3. Furthermore, it is seen that the numerical values of the local Nusselt number Nu X increase for increasing values of viscous dissipation parameter N . The rate of local Nusselt number Nu X is increased by 69.08 % at position ξ = 1.0472 = π/3 as the viscous dissipation parameter N changes from 0.10 to 1.00.
Numerical values of local heat transfer rate, Nu X are calculated from equation (22) for the surface of the sphere from lower stagnation point to upper stagnation point. In order to verify the accuracy of the present work, the values of local Nusselt number Nu X for N = M = Q = 0.0 having Prandtl number P r = 0.7, 7.0 at different position of ξ (in degree) are compared with those reported by Nazar et al. [15] and Molla et al. [14] as presented in Table 2 . The results are found to be in excellent agreement. Table 1 . Skin friction coefficient and rate of heat transfer against ξ for different values of viscous dissipation parameter N with other controlling parameters P r = 0.72, Q = 0.50 and M = 1.00 
Conclusions
The effects of viscous dissipation on natural convection flow over a sphere in the presence of magnetic field and heat generation with electrically conducting fluid have been investigated theoretically. The governing boundary layer equations of motion are transformed into a non-dimensional form and the resulting non-linear systems of partial differential equations are reduced to local non-similarity boundary layer equations, which are solved numerically by using implicit finite difference method together with the Kellerbox scheme. From the present investigation the following conclusions may be drawn:
• With effect of magnetic parameter M in presence of heat generation, the local skinfriction coefficient C f X and the local rate of heat transfer Nu X decrease.
• An increase in values of M leads to decrease the velocity distribution but slightly increase the temperature distribution.
• For increasing values of heat generation parameter Q, the skin-friction coefficient increases but the Nusselt number decreases significantly within the boundary layer.
• With the effect of heat generation both the velocity and temperature distributions increase significantly the thickness of the thermal boundary layer.
• As viscous dissipation parameter N increases, both the velocity and the temperature distributions increase significantly.
• An increasing value of Prandtl number P r leads to decrease in the velocity and the temperature distributions.
